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Abstract 

We study minimal-doubling fermion actions on hyperdiamond and deformed- 
hyperdiamond lattices, with emphasis on the real-space construction of them and 
Lorentz covariance of excitations from fermion poles. We propose the improved spatial 
construction of Creutz fermion action on a deformed hyperdiamond lattice, and discuss 
conditions for a hyperdiamond-lattice action to produce Lorentz-covariant excitations 
from poles of fermion propagators. It is pointed out that the non-nearest-site hoppings 
are essential for the correct excitations. We also propose a class of minimal-doubling 
actions defined on a deformed hypercubic lattice as a generalization of Creutz-type 
actions. In addition we introduce a two-parameter class of Wilczek-type minimal- 
doubling actions. 



1 



typeset using vTpTfX.ds (Ver.0.9) 



1. Introduction 



Recently, Creutz^ and BoricP have proposed a two-parameter class of fermion actions 
called "Creutz fermion", inspired by the relativistic condensed matter system, grapheneP 
This fermion is defined on the hyperdiamond lattice distorted by two parameters (B, C) 
and includes the non-nearest hopping terms. What is notable about "Creutz fermion" is 
that it has desirable properties for the lattice simulation such as locality, chiral symmetry 
and the minimal number of fermion doubling. Among them, the minimal fermion doubling 
is the most outstanding characteristic of this fermion. As is well-known, although there 
exist only two (or three) light quarks in QCD, Nielsen-Ninomiya's no-go theorem®^ states 
that the lattice fermion with chiral symmetry and other common features inevitably yields 
degrees of freedom of multiple number of two in a continuum limit. On the other hand, 
the lattice fermions which bypass the no-go theorem such as domain-wall fermiorP® and 
overlap fermion®'^ demand an expensive numerical task. Therefore the chiral-symmetric 
fermion including only the minimal number of doubling, such as Creutz fermion, will be 
much faster and more useful in the simulation since the two fermion degrees of freedom can 
be directly interpreted as the two light quarks in lattice QCD simulation. 

However it was pointed outP* that Creutz action lacks sufficient discrete symmetry to 
prohibit relevant and marginal operators to be generated through the loop corrections which 
are serious obstacles for a good continuum limit in the lattice simulation.^'^ In particular, 
such a problem for the lattice action, which is equivalent to Borigi action, has already inves- 
tigated.^ In Ref. ITS]) the authors show that if the non-nearest hopping terms are dropped 
with the parameters chosen to B = 1/ Vo, C = 1 in Creutz action, the requisite discrete 
symmetry of cyclic group Z5 recovers, although the modified action yields an unphysical 
excitation from the pole of propagator (or mutilated pold-^^ 1 ). They also construct a sim- 
ple fermion action on a hyperdiamond lattice including only the nearest-neighbor hoppings. 
However, it is argued in IT5]) that although this fermion action has the sufficient discrete 
symmetry of alternating group 2t 5 z> Z 5 , it yields more than minimal number of doublers. 

In this paper we investigate fermion actions on hyperdiamond and deformed-hyperdiamond 
lattices, with emphasis on the real-space construction of them and Lorentz-covariant exci- 
tations from poles of propagators, then obtain a generalized class of Creutz-type minimal- 
doubling actions on a deformed hypercubic lattice. Firstly we propose the spatial construc- 
tion of Creutz fermion action on a deformed hyperdiamond lattice, which is an improved 
version of that in [15]). Secondly we study conditions for a hyperdiamond-lattice action to 
produce Lorentz-covariant excitations from fermion poles. It is pointed out that the non- 
nearest neighbor hoppings in terms of sites are essential for the correct excitations. Then 
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we propose a class of minimal-doubling fermion actions defined on a deformed hypercubic 
(rhombus) lattice as a generalization of Creutz-type actions, where the link variables are eas- 
ily introduced. We also introduce a two-parameter class of Wilczek-type minimal-doubling 
actions, which will be the simplest form of Creutz-type lattice action. 

In Sec. [2] we briefly review the hyperdiamond lattice and Creutz fermion. In Sec. |3] we 
discuss the spatial construction of Creutz action and investigate the conditions for the correct 
fermionic excitations. In Sec. H] we study examples of hyperdiamond-lattice fermions and 
propose a related action "Appended Creutz action" . In Sec. [5] we generalize Creutz-type 
and Wilczek-type actions to classes of actions on deformed hypercubic lattices. Section E] is 
devoted to a summary and discussion. 

§2. Creutz fermion 

We now consider the minimal-doubling action proposed by Creutz, which is called Creutz 
action^® and also Borigi-Creutz action in [15]) . The action is related to the hyperdiamond 
lattice, which is the higher dimensional generalization of graphene system. General dimen- 
sional aspects of the hyperdiamond lattice and lattice fermions defined on them are discussed 
in US]). 

The four-dimensional hyperdiamond lattice is constructed with five bond vectors, 
e 1 = 1(^5,^5,^5,1), e 2 = |(V5,-V5,-V5,1), 



e 
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satisfying 



i(-V5,-V5,>/5,l), e 4 = i(-V5,V5,-V5,l), (2-1) 
e 5 = (0,0, 0,-1), 

, 1 for a = v . 

e" • e" = \ . (2-2) 

cos 9 = —1/4 for fj, 7^ v 

The spatial translation symmetry of the hyperdiamond lattice is characterized by primitive 

vectors (// = 1, 2, 3, 4) defined as 

d fl = e ^-e 5 for [i = 1, • • • , 4. (2-3) 

Then an angle rj between them is given by 

C °^=\dJK\ = 2- (24) 

This is a common property for any dimensional hyperdiamond lattices.^ 1 

An important property of the hyperdiamond lattice is its sublattice structure, such that 
it consists of two kinds of sites. These sublattices are called L-node and i?-nodj*3, whose 



*> In the case of the graphene system, these sublattice structure is often represented by A and B sites. 
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positions are labeled by xl = S«=i x^d^ and xr = Ylu=i + e5 > but this node-index is 
often omitted in the following discussion because only positions of unit cells are important 
for a lattice action. This sublattice structure corresponds to chirality of fermions, and is 
in common with the honeycomb lattice (d = 2) and the diamond lattice (d = 3). That 
means, if poles of the Dirac operator are arranged to construct the hyperdiamond lattice 
in momentum space, the number of doublers is only two. This is a strategy to obtain 
the hyperdiamond-type minimal-doubling fermion, and actually done in Creutz's original 
paperP 

Then let us show how four dimensional generalization of the graphene system is con- 
sidered. To investigate the graphene system, we often use the tight-binding model on a 
honeycomb lattice for 7r-electrons of carbon atoms. The Hamiltonian in momentum space is 
given by 

H( P ) = k( ° Z(P) ) (2-5) 

where K is a hopping amplitude and an off-diagonal component is defined as z(p) = 1 + 
e im _)_ e J P2 This Hamiltonian is associated with a conventional anti-hermitian Dirac operator 
in lattice field theory as H = a^D, and we now use non-orthogonal coordinates defined by 
primitive vectors, p^ — <f M • p. 

To consider four-component Dirac spinor in four dimensions, a complex number z(p) G C 
is generalized to a quaternion z = cq + ic ■ 3 G H. In the original paper P the associated 
Dirac operator is given by 

D(p) = (sinpi + sinp 2 — sinp 3 — sinp 4 )i7i 
+ (sinpi — smp 2 — sinp 3 + sinp 4 )i7 2 
+ (sinpi — sinp 2 + sinp 3 — sin p 4 ) ry 3 

+ B(4C — cospi — cosp 2 — cosp 3 — cosp 4 )27 4 . (2-6) 

Gamma matrices are defined as ji = T\ <8> 7 4 = r 2 <S> 1 and 75 = r 3 <g> 1 where r's and cr's 
are both Pauli matrices acting on the sublattice and internal spinor structure, respectively. 
Here, as the graphene system, we use non-orthogonal coordinates, p^ = a M • p, where are 
primitive vectors of the lattice for Creutz action. However in Sec. |3] we will show they are 
different from those defined in fl2-3j> . 

This Dirac operator possesses two poles at p = ±(p,p,p,p) with cosp = C, if and only if 
the lattice parameter C satisfying 1/2<C<1, to suppress extra poles such as (p,p,p, vr— p). 
Although these two poles induce physical Dirac fermions, in the case C = 1 they are reduced 
to only one cut rather than a pole, and thus it turns out to be unphysical. To show this, we 
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expand the Dirac operator (I2-6P around the pole as p^ = p + g M , 

D{p) = C(q 1 + q 2 - q 3 ~ <74^7i 

+ C(q x - <?2 - <?3 + <?4)«72 
+ C(q 1 -q 2 + q 3 - Qa^Iz 

+ BS{ gi + q 2 + q 3 + ?4)«T4 + 0{q 2 ) (2-7) 

with S = sin p. This Dirac operator behaves asi^-k around p^ = with S = (C = 1), and 
thus it has been shown that covariance of this fermion is broken. This unphysical fermion is 
known as a mutilated fermion, often found in some attempts on nonhypercubic latticesP^~^ 
Since gamma matrices satisfy anti-commutation relations {7^,7^} = 25^ u , coefficients of 
gamma matrices are interpreted as those of a momentum represented by Euclidean coordi- 
nates. Thus reciprocal vectors giving momentum space basis are obtained by (12 -71) . 

6 1 = (C, C, C, BS), b 2 = (C, -C, -C, BS), 
b 3 = (-C,-C,C,BS), b 4 = (-C,C,-C,BS). 

These vectors characterize the translation structure in momentum space, thus they can be 
interpreted as "primitive vectors" of momentum space. 

To consider a situation such that poles construct the exact hyperdiamond lattice, as 
primitive vectors ( 12 -4p . it is imposed in Ref. [T]) that an angle £ between reciprocal vectors 
satisfies cos£ = 1/2. Here it is given by 

W-b" B 2 S 2 -C 2 , , 

COS(= W = 5W' (2 ' 9) 

With adjusting lengths of reciprocal vectors, Creutz chose two parameters, C = cos(7r/5) 
and B = a/5 cot(7r/5). On the other hand, the orthogonal condition b tM b u = gives BS = C 
applied in Ref. |2]). 

We now remark an important property of reciprocal vectors to consider the lattice struc- 
ture in real space. Because an arbitrary momentum is represented by p = X^=i (p ' a n) ^ 
associated primitive vectors are determined by a relation ■ b u = 8 V . We will discuss 
real-spatial construction of Creutz fermion with this relation in Sec. [3j 

§3. Hyperdiamond lattice fermion 

As discussed in the previous section, Creutz fermion was directly constructed in mo- 
mentum space. Then we should consider its lattice construction in real space to reproduce 
Creutz's Dirac operator ( 12 -6p . The translation structure in momentum space is given by the 
expanded Dirac operator (I2-7|) . and provides the associated real-spatial lattice structure. 
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In this section we introduce a real-spatial construction of Creutz fermion on the deformed 
hyperdiamond lattice. Then we show that the bond vectors of the lattice and the hopping 
vectors of the fermion fields should be determined by the reciprocal vectors Eq. (I2-8P con- 
sistently. In this sense our construction is more reasonable than that in [T5i) although they 
seem similar to each other. Based on this construction, we will give a parameter condition 
for Creutz fermion to be defined on the exact hyperdiamond lattice in real space. We will 
also discuss conditions for hyperdiamond-lattice fermions to yield only physical or Lorentz- 
covariant excitations. 

3.1. Creutz fermion on hyperdiamond lattice 

To obtain a four-component Dirac fermion on the four dimensional hyperdiamond lattice, 
we consider two-component chiral spinors, left-handed cfi and right-handed cfi located on L- 
node, and right-handed x an d left-handed % located on i?-node. Here we note that cfi and 
4> are not hermite conjugate, but independent degrees of freedom. This configuration of the 
lattice fermions will play an important role on the discussion in section 13. 21 

Here we define "spinor vectors" , which appear as the coefficient vectors of the gamma 
matrices in the action. The spinor vectors with parameters B and C are given by 

s l = (1,1,1,5), a 2 = (1,-1, -1,5), 
s 3 = (-1, -1, 1, B), s 4 = (-1, 1, -1, B), (3-1) 
s 5 = (0,0,0, -ABC). 

The action is given by 

1 „ r. 4 

S C 



+(fi x S ■ s 5 Xx ~ Xx£ ■ s 5 (frx 

4 



+ Xx£ ■ S 5 (fix ~ 4>x£ ■ S^Xx 



(3-2) 



where the hopping vectors (or primitive vectors) will be determined to be consistent with 
the reciprocal vectors in the momentum space afterward. Here the fourth components of 
spinor matrices are twisted as E = (a, —1), S = (cr, 1). It is notable that hopping terms of 
(fix — > Xx-a^ and Xx — > (fix+a,, in fl3-2)> represent non-nearest site interactions. 

Thus we obtain Creutz's Dirac operator (I2-6|) by considering Fourier transformation of 
the lattice action ( 13 -2p as 

d A p 



Sq = I (2^)4 ^p D ( p ^p ( 3 ' 3 ) 
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Fig. 1. Two dimensional analogue of the lattice deformation: (a) the two dimensional regular 
diamond (honeycomb) lattice and (b) the distorted lattice with e 3 direction specified (9" > 
9 > 9'). 



with a Dirac spinor 



Vfc= ( J , $p= (4>v Xp) • (34) 
Xp 



In this construction the reciprocal vectors are obtained as (|2-8p . Since primitive and 
reciprocal vectors satisfy a M • b u = 8", the associated primitive vectors, or the hopping 
vectors of the fermion fields, for Creutz fermion are given by 

°1 = ^(M,l> bs)> a 2 = 1^(1, -1, -1, bs), 



Since primitive vectors of the (distorted) hyperdiamond lattice are given by ()2-3p . bond 
vectors {e^} are obtained by introducing another free parameter / (/ > 0), 

e^ = a fl + e 5 for ^ = 1,2,3,4, 

e 5 = (0,0,0,-/). (3-6) 

These vectors are identified with the bond vectors of the hyperdiamond lattice on which the 
action is defined, while the spinor vectors in the action ( 13 -2p are just related to the 
lattice structure indirectly. 

For general values of the parameters, the hyperdiamond lattice is deformed such that it 
is elongated in e 5 direction as shown in Fig. [TJ As the case of the exact hyperdiamond lattice 
(12 -4p . an angle between the primitive vectors (13 -5p is given by 

C 2 - B*S* 

COSV= C* + 3B*S* - (3 ' 7) 

We note that it is related to ( 12 -9p by exchanging C -H- BS. Then if we choose deformation 
parameters as / = l/(\/5C) and BS = C/\/E, the angles become cos 7/ = 1/2 and cos# = 
e M • e^/de^He"!) = —1/4, and thus Creutz fermion is defined on the exact hyperdiamond 
lattice. We will call this condition "hyperdiamond condition" . In this case, the angle between 
reciprocal vectors becomes cos£ = —1/4. Furthermore, the Creutz and Borigi's conditions 
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such that in momentum space poles are located on the exact hyperdiamond lattice and on 
the orthogonal lattice imply the associated angles become 



This means, in the sense of real and momentum spaces, the hyperdiamond condition and 
the Creutz condition are dual, and the Borigi condition is self-dual. 

Here we remark discrete symmetry of Creutz fermion. With general parameters, this 
distorted lattice and also the action on this have only ©4 7$ Z5 symmetry which is not the 



condition, this distorted lattice becomes the regular ©5 D Z5 symmetric hyperdiamond 
lattice. However, even if the hyperdiamond lattice becomes exact, the non-nearest hopping 
terms reduce the discrete symmetry of the action to 64. Thus the physical Creutz fermion 
cannot have the requisite discrete symmetry to prohibit the redundant operators. It indicates 
a general property that the minimal-doubling lattice fermion lacks the sufficient discrete 
symmetry for a continuum limit on hyperdiamond lattices. 

3.2. Conditions for physical hyperdiamond lattice fermions 

We have seen that physical fermionic excitations are obtained from minimal-doubling 
poles of Creutz's Dirac operator, although the action lacks sufficient discrete symmetry. Here 
we investigate conditions for a hyperdiamond-lattice action to produce Lorentz-covariant ex- 
citations from poles of fermion propagators, which actually Creutz fermion satisfies. We then 
argue "minimal-doubling" on the hyperdiamond lattice is incompatible with the sufficient 
discrete symmetry of the action for a good continuum limit since the above conditions, which 
we will call "physicality conditions", cannot be satisfied without lowering the symmetry of 
the action. 

Non-nearest neighbor hoppings. We have shown that Creutz action can be regarded as 
being defined on the hyperdiamond lattice. From the viewpoint of this real-spatial interpre- 
tation, the action (I3 2j) contains the non-nearest neighbor hoppings which sometimes lead 
to breaking of locality. However in this case, non-nearest neighbor hoppings are actually 
non-nearest interactions in the sense of sites, but nearest for unit cells. The hoppings based 
on the vectors in Eq. (I3-5P stand for nearest neighbor hoppings between the unit cells, 
not the sites. Thus the locality is not broken in the continuum limit of Creutz action as 
seen in 120]) . I2T]) . Here we denote the nearest (non-nearest) hoppings in the sense of sites 
as "nearest-site (non-nearest-site) hoppings". As follows, we will show the non-nearest-site 
hoppings are required for Lorentz-covariant or physical excitations of fermions on hyperdia- 




( Creutz) 
(Borigi) 




sufficient discrete symmetry for a good continuum limit In the case of the hyperdiamond 
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Fig. 2. L — > R hoppings to nearest unit cellsP^ 1 (a) forward (nearest neighbor site) hoppings, 
(b) backward (non-nearest neighbor site) hoppings, and (c) the remaining nearest unit cell 
hoppings which are not included by Creutz action. L-node and -R-node are denoted by shaded 
and open circles, respectively. Unit cells are encircled. 

mond lattices although the nearest-site hoppings are enough for a correct form of a Euclidean 
Dirac operator, namely anti-hermitian Dirac operator. 

For nearest-site L — > R hoppings on the hyperdiamond lattice, a forward hopping as 
x — > x + is allowed but a backward hopping x — > x — a M is not as shown in Fig. 121 and 
they are inverted in the case of R — » L hoppings. Now let us consider a hyperdiamond-lattice 
action only with nearest-site hoppings as discussed in IT5]) . Although either of L — » R or 
R — ?• L hopping corresponds to a non-hermitian operator as i(d^ — 1) or i{l — djj, we can 
make the Euclidean Dirac operator anti-hermitian (namely a correct form) by including both 
of L — > R and R — > L nearest-site hopping terms. However in this case, only either of e* PM 
or e~* Pfl appears in the coefficients of spinor matrices such as U and IJ in the momentum 
space. Since these coefficients are complex numbers, we should introduce two anti-hermitian 
basis, 27 and 775, in order to expand this kind of the operator by gamma matrices. (Here 
the chirality of the Dirac operator is not broken since both of ij and 775 anticommute with 
75.) Then this kind of the Dirac operator is given by 

d(p) = J2 + E vyteG>(p) ( 3 - 9 ) 

where F^p) and G^{p) are independent real functions in general. This type of Dirac operator 
is actually proposed in [TT|) . as the generally chiral symmetric operator. In this operator 27- 
terms and 775-terms are regarded as "vector" and "axial-vector" functions, respectively, 
and thus Nielsen-Nino miya's no-go theorem cannot be applied to this kind of Dirac operator 
because it is based on Poincare-Hopf theorem for "either" of vector or axial- vector functions, 
not for both of them. Therefore, there is no guarantee that the Dirac operator yields physical 
poles of fermion propagator and the number of poles becomes even. Thus it indicates that 
the index of the Dirac operator including both of 27 and 775-terms is ill-defined. 

Actually the operator including both of z7-terms and 775-terms yields unphysical fermion 
doublers in general. (Even on hypercubic lattices, the difference operator including only ei- 
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ther of forward or backward hoppings induces unphysical poles™) On the other hand, as 
seen in Creutz action, we can expand the Dirac operator by only i7-terms if we introduce 
hoppings to non-nearest neighbor sites but nearest unit cells. Thus non-nearest-site interac- 
tions are required for constructing a physical Dirac operator, which produces only physical 
degrees of freedom on the hyperdiamond lattice. 

Here let us note that hermiticity of the hyperdiamond-lattice Dirac operator without non- 
nearest hoppings, which is one of the necessary conditions for Nielsen-Nino miya's theorem, 
does not imply the operator can be expanded by only either of "vector" or "axial-vector" 
functions, as is different from the hypercubic case. Thus we may be able to claim that it 
is, in a sense, a counter example of Nielsen- Ninomiya's theorem since the associated Dirac 
operator includes both of 27 and 775 terms although all the conditions for the theorem are 
satisfied. 

As shown above, non-nearest neighbor interactions are necessary for a physical fermionic 
mode on hyperdiamond lattices. However this kind of the non-nearest hopping terms lower 
the discrete symmetry of the action™ Therefore it seems impossible to construct a physical 
fermion action with the sufficient discrete symmetry on the hyperdiamond lattice as far as 
it is based on the initial setting of the field configuration as discussed in section [21 namely, 
two kinds of chiral fermions on L-nodes and i?-nodes, respectively. It also means that the 
requisite discrete symmetry for a good continuum limit is incommensurate with physical 
minimal-doubling actions on hyperdiamond lattices in this configuration of fermion fields. 
This no-go property is first conjectured in[T5]), and we discuss it systematically as shown 
above. 

Twisting spinor structure. To obtain a physical mode, Dirac operator must be expanded 
by either of ij or 775-terms. The most important condition is including non-nearest-site hop- 
pings, but we now show some subsidiary conditions are required for constructing a physical 
hyperdiamond lattice fermion. To construct a physical Dirac operator, we should multiply 
some spinor matrices depending on hopping directions. The naive choice is o = (a, i) as 
proposed in fTS]) . On the other hand, in the case of Creutz action the fourth component of 
spinor structure is twisted as E = (a, — 1), and the same coefficients are applied to non- 
nearest-site hoppings. Due to this twist, snip is converted to cosp in the coefficient of the 
corresponding gamma matrix, and thus Creutz's Dirac operator becomes anti-hermitian by 
twisting the spinor component. 

Although the spinor structure of Creutz action is apparently unnatural, it should be 
determined in order to construct an anti-hermitian Dirac operator. It is expected that 
a nontrivial spinor structure is related to an action based on a non-Bravais lattice which 
possesses sublattice structure, e.g. staggered fermion.^ 1 
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Lattice deformation. Besides the above prescriptions to obtain physical modes, we need 
deformed "spinor vectors" by elongating in one specific direction. As discussed in Sec. 13. 1\ 
these spinor vectors cannot be interpreted as bond vectors of the lattice. But we have shown 
they are related as follows: spinor vectors give the Dirac operator and also reciprocal 
vectors {b^} characterizing the translation symmetry in momentum space, then primitive 
vectors {a^} are derived from the condition a^ b u = 5 V . Thus two-parameter deformation of 
spinor vectors leads to the distorted hyperdiamond lattice. Although we have also shown that 
Creutz fermion can be constructed on the exact hyperdiamond lattice, the action yields a cut 
on {p\tP2iPz) = (0,0,0), not a pole when we apply the regular hyperdiamond lattice bond 
vectors with the condition C = 1 to spinor vectors. In this sense, the lattice deformation is 
also necessary for physical poles although the discrete symmetry of the hyperdiamond lattice 
is broken. 

§4. Examples 

According to the three conditions discussed in section 13.21 (i) Non- nearest-site hopping, 
(ii) Spinor twist, and (iii) Distortion of the lattice, we can consider eight kinds of fermions. 
In this section we try to complete the classification of lattice fermions based on the hyper- 
diamond lattice in the aspects of the three features. 

4.1. BBTW fermion and Dropped Creutz fermion 

Firstly let us consider hyperdiamond-lattice actions with the sufficient discrete symmetry 
for a good continuum limit. One of these fermion actions is proposed in [T5i) . which we will 
call BBTW action in this paper. It is constructed with exact hyperdiamond spinor vectors 
and includes only nearest-site hoppings with untwisted spinor structure vectors a = (a, i) 
and a = (a, —i) as 

4 

SWrw = ^2 [2 (^-"m " ' s>X Xx ~ Xx+a^v ■ s^(f) x ) + 4> x a ■ s 5 Xx - XxO • s 5 (j) x , (4-1) 

x M = l 

where spinor vectors are those in ( 13 Tp with B = l/y/E, C — 1. The hopping vectors 
should be obtained from the reciprocal vectors in the momentum space as discussed in 
Sec J3.11 Taking Fourier transformation of the action, we obtain the associated Dirac operator 
represented as 

D{p) — i ^ (s M • 7) sin Pfl - I cosp M + s 5 J • 775 (4-2) 

/U \A i =l / 

The Dirac operator of BBTW action has at least seven spectral zeros at p M = and p\ = 
—p 2 = —p-3 = Pa = cos _1 (— 2/3), etc. Denoting the poles as p^ = p^, the operator is 
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expanded around the pole with momentum p^ = p^ + q^, 



1 



D (p) = *K'7)^cos^- (s^ •77 6 )?, 1 sinp /1 + 0(q 2 ). 



(4-3) 



11=1 



For the pole at p^ = 0, the Dirac operator (14-31) becomes 



D{p)=i{s»- 1 )q, + 0{q 2 ). 



(4-4) 



Thus this lattice action is reduced to the covariant Dirac form i (s M • 7) p^ = i ^, in the low 
energy region where we identify as the Cartesian momentum. In the cases of other poles 
p^ 7^ 0, however, the Dirac operator includes not only z7-terms but 775-terms as seen in 
Eq. fl4-3p . As a result, one cannot obtain a covariant form of excitation from these poles, but 
unphysical fermions. 

Another lattice action with the sufficient discrete symmetry is obtained by modifying 
Creutz fermion. To recover the sufficient discrete symmetry Z 5 of Creutz action to prohibit 
redundant operators, it was suggested in [15]) that one drop non-nearest hopping terms and 
choose B = l/y/E, C — 1. Then we obtain another type of Creutz action, 



and then we call this action Dropped Creutz action. 

In this case, the Dirac operator is almost the same as ( 14 -2p but the definition of 274 is 
modified as 7574, which is also anti-hermitian. As the case of BBTW fermion, both 7-terms 
and 775-terms are included, and thus Nielsen-Ninomiya's theorem cannot be applied to this 
lattice action. Indeed the lattice fermion around p^ = is not written as a covariant form, 
ry • k + 7574^4- 

In BBTW action ( 14-1 p any of the three conditions are not satisfied, while two of them (i) 
Non-nearest-site hopping and (iii) Lattice deformation are not satisfied in Dropped Creutz 
action f !4-5p . The point is that these actions do not satisfy (i), namely they contain none of 
non-nearest-site hoppings necessary for Lorentz covariant excitations of fermions as discussed 
in Sec. 13.21 As a consequence, although they preserve the discrete symmetry for a continuum 
limit, they inevitably produce unphysical fermions as seen above. These results are consistent 
with the argument discussed in Sec. 13.21 that the requisite discrete symmetry for a good 
continuum limit is incompatible with physical minimal-doubling actions on hyperdiamond 
lattices. 



i 



SdC = [ i^-^ E ■ - Xx+a,Z ■ S^x) + <Px£ ■ S 5 Xx ~ XxZ ■ S 5 <Px , (4-5) 



x M = l 
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4.2. Other fermions 

We then consider the lattice action based on the hyperdiamond lattice with (i)non-nearest 
hoppings and (hi) lattice deformation while the spinor structure is not twisted. We call this 
Untwisted Creutz action. The associated Dirac operator is given by 274 — > 74 in Eq. (I2-6P as 

D(p) = (sinpx + sinp 2 — sinp 3 — sinp 4 )27! 

+ (sin pi — sinp 2 — sinp 3 + sinp 4 )z7 2 
+ (sinpi — sinp 2 + sinp 3 — sinp 4 )z7 3 

+ B(4C — cospi — cosp 2 — cosp 3 — cos 2)4)74. (4-6) 

Thus we obtain minimal-doubling fermions for l/2<C<las Creutz action. However, 
since 74 is not anti-hermitian, covariance of them is broken as rf • k + 74/C4. As the case of 
Creutz action discussed in section El Untwisted Creutz action with the exact hyperdiamond 
spinor vectors is given by the condition C = 1 . Then the same unphysical fermion 27 • k is 
obtained at p = as Creutz fermion with C = 1. 

The remaining lattice fermions are BBTW fermion and Dropped Creutz fermion with 
the lattice deformation. Since they include only nearest neighbor hoppings, both of 27-terms 
and 775-terms arise in the action, and thus Nielsen-Ninomiya's no-go theorem cannot be 
applied to them as discussed before. All these fermions implies the necessity of the three 
conditions for physical fermions on the hyperdiamond lattice. 

4.3. Appended Creutz fermion 

In this section we propose a new lattice action, which also possesses physical minimal- 



doubling fermions as the case of the original Creutz action. It is pointed out in section 13.21 
that Creutz action includes non-nearest-site hopping terms but nearest unit cell hoppings. 
However, as shown in Fig. [5J all of nearest unit cell hoppings are not included by Creutz 
action, and we now consider a new lattice action including all of them, 



x n<u 



t ^ a E ■ K - 8") X x + Xx~a, + a,Z " (^ " S V ) (f> x . (4-7) 



We will call this new action Appended Creutz action. Here the hopping vectors are 
obtained from the reciprocal vectors in the momentum space, which differ slightly from 
those of the original Creutz action. 

The additive contribution to the Dirac operator is given by 

D'(p) = 2(sinp 13 + sinpi4 + sinp 2 3 + sinp 2 4)«7i 
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Actions 


(i) Non-nearest hopping 


(ii) Spinor twist 


(iii) Lattice deformation 


Poles 


Creutz 











physical minimal-doubling p ^ 


Appended Creutz 


o 


o 


o 


physical minimal-doubling p ^ 




o 


o 


X 


unphysical p = 


Untwisted Creutz 


o 


X 


o 


unphysical minimal-doubling p ^ 




o 


X 


X 


unphysical p = 




X 


o 


o 


unphysicals p 


Dropped Creutz 


X 


o 


X 


unphysical p = 




X 


X 


o 


unphysicals p 


BBTW 


X 


X 


X 


unphysicals pf^O and physical p = 



Table I. List of lattice fermions based on the hyperdiamond lattice. The lattice actions including 
only physical modes are Creutz and Appended Creutz action, which are the minimal-doubling 
action. BBTW action has a physical and some unphysical poles. The others do not possess 
any physical poles. The fermions with the sufficient discrete symmetry are BBTW fermion and 
Dropped Creutz fermion. 

+ 2(sinpi2 + sinpi 3 - sinp 2 4 - sinp 34 )ry 2 

+ 2(sinpi2 + sinpi4 - sinp 2 3 + smp M )i^y 3 (4-8) 

where we define pi% = p\ —p2, etc. The coefficient of ^74 is constantly zero and the total Dirac 
operator is obtained as the sum of (I2-6P and (14 -8 1) . Thus it gives the same minimal-doubling 
poles at p = ±(p,p,p,p) with cosp = C and the minimal-doubling condition 1/2 < C < 1 
as the case of Creutz action. Because the Dirac operator (14 -8p is written by only i7-terms, 
the physical minimal-doubling fermions are obtained from (14- 71) . 

This action satisfies all of three conditions discussed in section 13. 2\ the non-nearest-site 
hoppings, the spinor twist and the lattice deformation. As a result, it lacks the sufficient 
discrete symmetry to suppress the redundant operators generated by the loop corrections.^ 1 
Actually although this Dirac operator (14- 8p includes only 71, 72 and 73 terms, fermionic 
excitations from the pole of this operator are the same as those of the original one (12-71) up 
to a factor. After all, Appended Creutz action is quite similar to the original Creutz action, 
and thus it suggests stability of the minimal-doubling poles to some kinds of perturbations. 

At last, we have investigated all of lattice fermions in the context of the three features 
as listed in Table [H Furthermore, we have proposed a new lattice action, called Appended 
Creutz action, which gives the physical minimal-doubling fermions. After all, the lattice 
actions giving only physical fermions are the original Creutz action and Appended Creutz 
action. Other actions have some problems such as including both of 27 and 775 or breaking 
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co variance. 

While we have discussed free lattice fermions, we now remark effects of gauge interac- 
tion. As discussed in preceding studies, since one of the spacetime direction is specified in 
lattice actions we have considered, we have to renormalize the light of speed to resolve the 
anisotropy generated by interactions. Thus it is expected that the Lorentz covariance is 
just modified, but not broken through gauge interactions and quantum corrections because 
physical fermions discussed here actually satisfy all of the conditions for Nielsen-Ninomiya's 
theorem. On the other hand, it is slightly meaningless to consider quantum corrections for 
the lattice actions including unphysical fermionic modes. 

We then comment on chiral charge of the lattice fermions. As the case of Creutz fermion, 
the physical minimal-doubling fermions we have discussed possess the sublattice structure 
of the hyperdiamond lattice, and thus their total chiral charge becomes zero. However the 
index of the Dirac operator, which is interpreted as that of the real vector field in the context 
of Poincare-Hopf theorem, is ill-defined if both of 27 and 775 are included. 

§5. A novel construction of minimal-doubling fermion 

As discussed in Sec. I3.1[ we can construct Creutz fermion on the distorted hyperdiamond 
lattice. However in this real-space construction, the interactions based on the vectors a M 
(primitive vectors) stand for hoppings from one unit cell to another unit cell, not between 
hyperdiamond-lattice sites. In addition there is no nontrivial hopping between two sites 
in the same unit cell except for on-site terms. As seen from these reasons, the real-space 
construction of Creutz fermion on the hyperdiamond lattice is somewhat misleading although 
it gives intuitive understanding of the discrete symmetry of the action, and it is much more 
natural that the two sites in one unit cell is identified as a single site as seen in Fig. [3j Based 
on this argument, in this section we explicitly show alternative and more reasonable spatial 
construction of Creutz-type minimal-doubling action on a deformed hypercubic rhombus 
lattice, which is, in a sense, a generalized version of Creutz action. 

Comparing it with another well-known minimal-doubling fermion on hypercubic lattice, 
called Wilczek fermion,^ both of them include additive terms proportional to 74. However 
the location of poles of Creutz's Dirac operator is adjustable while that of Wilczek fermion 
is not. In this section we also consider a modification of Wilczek action, and construct an 
orthogonal lattice action with adjustable poles. 
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(a) 

AAAA 

Fig. 3. (a) Translation symmetry of the honeycomb lattice. Unit cells consisting of L-node and R- 
node are encircled, (b) A deformed square (rhombus-like) lattice with the translation symmetry 
equivalent to that of the honeycomb lattice. 




5.1. Creutz-type lattice action 

We especially remark the translation symmetry of the real-spatial lattice on which the 
action is denned, and show a novel minimal-doubling fermion including Creutz fermion 
can be constructed on a deformed hypercubic (rhombus) lattice only with nearest neighbor 
hoppings. 

As shown in Fig. [3j we can consider rhombus-like lattice which possesses the translation 
symmetry equivalent to that of the hyperdiamond lattice. Its spatial primitive vectors a M 
will be found later, but we anyway introduce a lattice action denned on the rhombus-like 
lattice, 

' 4 



s = -Y 

2 ^ 

X 



(5-1) 



with r = (7, —^74) and P = (7,274). Here t stands for a free parameter to be fixed for 
minimal number of doublers. This expression is similar to what is presented in 125)). but in 
this paper we explicitly show alternative spatial construction. There are five spinor vectors 
in the previous lattice action f l3-2|) . but in this action only four vectors and an on-site 
parameter instead of fifth vector. This on-site term is a Wilson-like term with one specific 
directionP'ES 

If we apply ( 13 - 1 P to spinor vectors this lattice action is reduced to Creutz action. 

To show this, we investigate its momentum space structure of the action ( 15 Taking its 
Fourier transformation, the associated Dirac operator is obtained as 

4 

D(p)=iJ2UPH (5-2) 
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where the coefficients of gamma matrices are 

, , E!=i(s")„smp„ (/*= 1,2,3) 

C " (P) "^ t-Eia 0« = 4) ' <53) 

and (s I/ ) At represents /i-th components of s u . In order that this Dirac operator has minimal- 
doubling poles at p — ±(p,p,p,p) with p > 0, spinor vectors should satisfy 

E (.)„=| t/e (/| = 4) . C = cosp. (5-4) 

It is easy to show that (13-11) actually satisfy this condition, and to relate this Dirac operator 
f)5-2p to Creutz's Dirac operator (12-61) we choose C = C and t = ABC. 

To study fermionic excitations around poles, we expand the coefficients of gamma ma- 
trices around poles with p^ = p + q^, 

, M _, C-EtjO^ + Ob 2 ) („ = 1,2,3) 

C<p)-< sE^M^. + otf) (a = 4) (55) 

with S = sin p. Thus reciprocal vectors are given by 

lbX =\ C ' (S% ( " =1 ' 2 ' 3) • (5-6) 

At this stage, we obtain primitive (hopping) vectors {o,^} of the lattice by the condition 
■ b v = 8 U . In general, the lattice becomes non-orthogonal, deformed hypercubic lattice as 
shown in Fig. |3J 

An advantage of this action is of course that we can easily introduce gauge fields by link 
variables on bonds of the rhombus-like lattice. The fermionic part of the lattice action with 
gauge fields and a mass-term is given by 

S = \Ys • ^U x ^ x+a ^ - ij x+a ^r ■ s»Ul^ x ] + £ [Mi} x ip x + it^ xl ^ x ] - (5-7) 

X,fl X 

Note that link variables are also represented in non-orthogonal coordinates. Then we can 
introduce the action of gauge fields as the plaquette action on the deformed hypercubic 
lattice. 

5.2. Orthogonal lattice action 

We have discussed much simpler and generalized expression of Creutz-type minimal- 
doubling lattice fermion. Then we claim minimal-doubling poles are due to the modification 
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of the lattice action by introducing on-site term which is proportional to 74. In this sense, 
its minimal-doubling mechanism is similar to Wilczek action. However in the case of Creutz 
action, the location of poles is adjustable while that of Wilczek action is not. We then 
construct an orthogonal lattice action whose poles are adjustable. It will be the simplest 
form of Creutz-type lattice action, and useful for us to understand its structure. 
We now construct a lattice action on an orthogonal lattice, 



S = \ Yl [^l^x+a„ ~ ^x+a^x] +l r J2 



X,fJ, 



2(3 + *)^*74^x - ^ tyxlttix+ap + ^x+a^4tpx) 

(5-8) 

where t and r are free positive parameters to be fixed for minimal number of doublers. The 
explicit expression of primitive vectors will be shown later. The associated Dirac operator 
is given by 



D (p) = i ^2 7 ^ sin ^ + iri4 



(1 — cos^) + (t — cosj9 4 ) 

.3=1 



(5-9) 



To obtain poles of this Dirac operator, we take coefficients of 7's to be zero. In the cases of 
j = 1, 2, 3, we obtain 

smpj = 0, 7T (j = 1,2,3). (5-10) 

The coefficient of 7 4 reads 

3 



sinp 4 + r ^^(1 — cospj) + (t — cosp 4 ) 
-3=1 

= y/l + r 2 sin(p 4 - a) + r(t + 2N W ) 



(5-11) 



with N n = = 7r, j — 1,2,3}, cos a = 1/vl + r 2 , sin a = r/yl + r 2 . Thus the 

condition such that this Dirac operator induces only minimal-doubling two poles is given by 



t < 1, 



VTT 



(t + 2) > 1, 



(5-12) 



and then minimal-doubling poles become p = (0, 0, 0,p^ -\-a) with sinp^ — —rt/y/l + r 2 , 
cospW = ± v /(l+r 2 (l-t 2 ))/(l + r 2 ). 

To obtain translation symmetry of the lattice action, we expand the Dirac operator 
around a pole with momentum (q 1 , (fe, <?3, <?4 + P^ + <x) as 



D{p) = % IjQi + Vl + r 2 (l-t 2 ) 74 g4 + 0(q 2 
3=1 



(5-13) 
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Therefore reciprocal vectors for this lattice action are represented by 

<n,H ( " =1 : 2 ' 3) ■ 



and by the condition ■ b u = 8 U , primitive vectors are obtained, 

(a v ) =[ = 2, 3) 

\ 6 vlt /y/l + r*{l-1*) (ai = 4) 

It indicates the lattice action is constructed on orthogonal lattice with one direction specified. 
We now remark although both this Wilczek-type action and Borigi action are defined on an 
orthogonal lattice, they are not equivalent. 

As the case of Creutz action, minimal-doubling poles induce two Dirac fermions. Al- 
though the Dirac operator (I5-9I) has parity symmetry, the action lacks sufficient discrete 
symmetry to remove redundant operators generated by loop corrections. Besides, when the 
fourth component of the reciprocal vector is zero, covariance of the associated fermion is 
broken and it becomes unphysical. 

§6. Summary 

In this paper we investigate minimal-doubling fermion actions on deformed-hyperdiamond 
lattices, with emphasis on the real-space construction of them and the correct excitations 
from poles of propagators, then generalize them to an action on a rhombus lattice. 

In Sec. I3.ll we propose the spatial construction of Creutz fermion action on a deformed 
hyperdiamond lattice, where the hopping vectors (or the primitive vectors) are consistently 
determined by the reciprocal vectors in the momentum space. It means that the spatial 
lattice structure, on which fermions live, depends not only on the spinor vector s M but also 
on the form of the action itself. Based on this construction we give a condition for the action 
to be defined on the exact hyperdiamond lattice in the real space while a condition for the 
poles of propagators to be located on the hyperdiamond-lattice sites is proposed in[T]). 

In Sec. I3.2I we investigate the conditions for a hyperdiamond-lattice action to produce 
physical or Lorentz-covariant excitations from poles of fermion propagators, which actually 
Creutz fermion satisfies. Then it is pointed out that the non-nearest-site (but nearest-unit- 
cell) hoppings are essential for the correct excitations from the poles of doublers: If the 
action on the hyperdiamond lattice does not contain any non-nearest-site hopping, it shall 
yield fermions with unphysical excitations since the associated Dirac operator inevitably 
includes both of ij- and 775-terms while Nielsen-Ninomiya's no-go theorem assumes either 
of vector or axial-vector functions. This fact implies that the requisite discrete symmetry of 
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the action for a good continuum limit is incompatible with "minimal-doubling" with correct 
excitations on hyperdiamond lattices as firstly discussed in [15]) . All the fermion actions we 
have discussed in Sec. @]back up this incompatibility. In the section we also study a related 
minimal-doubling fermion called "Appended Creutz fermion" , which contains all the nearest 
neighbor interactions in terms of unit cells. 

As discussed in Sec. El we can construct Creutz-type minimal- doubling actions more 
naturally on a deformed hypercubic lattice, instead of a hyperdiamond lattice. We propose 
a class of minimal-doubling fermion actions defined on a rhombus lattice. In a sense, this class 
of the actions is a generalization of Creutz-type actions since it reduces to the original Creutz 
action by choosing the parameters appropriately. Based on this alternative and reasonable 
spatial construction of minimal-doubling actions, the link variables are easily introduced. 
In the section we also introduce a two-parameter class of Wilczek-type minimal-doubling 
actions, which is the most simple form of Creutz-type action. 

As a future work we will search for a general and unified form of minimal-doubling actions, 
which can reduce to all the known minimal-doubling actions including Wilczek fermion and 
Creutz fermion. This kind of the actions, if exists, will reveal more on the incompatibility 
between "minimal-doubling" and the requisite discrete symmetry for a good continuum limit. 

Acknowledgments 

We would like to thank T. Onogi for reading the manuscript and useful discussions. We 
also thank S. Aoki, M. Creutz and Y. Kikukawa for valuable comments. TM is supported 
by Grant-in- Aid for the Japan Society for Promotion of Science (JSPS) Research Fellows. 

References 

1) M. Creutz, Four- dimensional graphene and chiral fermions, JHEP 0804 (2008) 017, 
[arXiv:0712.120lj . 

2) A. Borigi, Creutz fermions on an orthogonal lattice, Phys. Rev. D78 (2008) 074504, 
[arXiv : 0712. 4401 j . 

3) A. H. C. Neto, F. Guinea, N. M. R. Peres, K. S. Novoselov, and A. K. Geim, The 
electronic properties of graphene, Rev. Mod. Phys. 81 (2009) 109, |arXiv : 0709 . 1 165] . 

4) H. B. Nielsen and M. Ninomiya, Absence of Neutrinos on a Lattice. 1. Proof by 
Homotopy Theory, Nucl. Phys. B185 (1981) 20; Erratum-ibid. B195 (1982) 541. 

5) H. B. Nielsen and M. Ninomiya, Absence of Neutrinos on a Lattice. 2. Intuitive 
Topological Proof Nucl. Phys. B193 (1981) 173. 

6) H. B. Nielsen and M. Ninomiya, No Go Theorem for Regularizing Chiral Fermions, 



20 



Phys. Lett. B105 (1981) 219. 

D. B. Kaplan, A Method for simulating chiral fermions on the lattice, Phys. Lett. 
B288 (1992) 342, |hep-lat/9206013| . 

V. Furman and Y. Shamir, Axial symmetries in lattice QCD with Kaplan fermions, 
Nucl. Phys. B439 (1995) 54, |hep-lat/9405004| . 

P. H. Ginsparg and K. G. Wilson, A Remnant of Chiral Symmetry on the Lattice, 
Phys. Rev. D25 (1982) 2649. 

H. Neuberger, More about exactly massless quarks on the lattice, Phys. Lett. B427 
(1998) 353, |hep-lat/9801031| . 

P. F. Bedaque, M. I. Buchoff, B. C. Tiburzi, and A. Walker-Loud, Broken Symmetries 
from Minimally Doubled Fermions, Phys. Lett. B662 (2008) 449, jarXiv: 0801. 3361 j . 
S. Capitani, J. Weber, and H. Wittig, Minimally doubled fermions at one loop, Phys. 
Lett. B681 (2009) 105, |arXiv: 09077282 5]. 

S. Capitani, M. Creutz, J. Weber, and H. Wittig, Renormalization of minimally 
doubled fermions, arXiv : 1006 . 2009 . 

J. L. Alonso, P. Boucaud, J. L. Cortes, and E. Rivas, A Chiral Invariant Decoupling of 
Replica Lattice Fermions, Phys. Lett. B201 (1988) 340. 

P. F. Bedaque, M. I. Buchoff, B. C. Tiburzi, and A. Walker-Loud, Search for Fermion 
Actions on Hyperdiamond Lattices, Phys. Rev. D78 (2008) 017502, |arXiv:0804. 1145j . 
W. Celmaster, Gauge Theories on the Body - Centerd Hypercubic Lattice, Phys. Rev. 
D26 (1982) 2955. 

W. Celmaster and F. Krausz, Fermion Mutilation on a Body centered Tesseract, Phys. 
Rev. D28 (1983) 1527. 

J. M. Drouffe and K. J. M. Moriarty, Gauge Theories on a Simplical Lattice, Nucl. 
Phys. B220 (1983) 253. 

T. Kimura and T. Misumi, Lattice fermions based on higher dimensional hyperdiamond 
lattices, Prog. Theor. Phys. 123 (2010) 63, jarXiv: 0907. 3774] . 
K. Cichy, J. Gonzalez Lopez, K. Jansen, A. Kujawa, and A. Shindler, Twisted Mass, 
Overlap and Creutz Fermions: Cut-off Effects at Tree-level of Perturbation Theory, 
Nucl. Phys. B800 (2008) 94, jarXiv: 0802. 3637j . 

K. Cichy, J. Gonzalez Lopez, and A. Kujawa, A comparison of the cut-off effects for 

Twisted Mass, Overlap and Creutz fermions at tree-level of Perturbation Theory, Acta 

Phys. Polon. B39 (2008) 3463, [arXiv:0811.0572j . 

S. Aoki and M. Liischer unpublished (2004). 

L. Susskind, Lattice Fermions, Phys. Rev. D16 (1977) 3031. 

F. Wilczek, Lattice Fermions, Phys. Rev. Lett. 59 (1987) 2397. 



21 



25) M. I. Buchoff, Search for Chiral Fermion Actions on Non- Orthogonal Lattices, PoS 
LATTICE2008 (2008) 068, jarXiv: 08097 3943], 

26) L. H. Karsten, Lattice fermions in euclidean space-time, Phys. Lett. B104 (1981) 315. 



22 



